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ABSTRACT

Mechanical comparison of different species is performed with the help of compu-
tational tools like Finite Element Analysis FEA. In palaeobiology it is common to con-
sider bone like an isotropic material for simulations but often real data of bone
materials is impossible to know. This work investigates the influence of choice of bone
materials properties over the results of simulations, showing when and why the materi-
als data are relevant and when the selection of these data becomes irrelevant. With a
theoretical approach from continuum mechanics and with a practical example the rela-
tionship between material data and comparative metrics like stress, strains and dis-
placements is discussed. When linear and elastic material properties are assumed in a
comparative analysis, the effect of the elastic modulus of the material is irrelevant over
stress patterns. This statement is true for homogeneous and inhomogeneous materi-
als, in this last case the proportion between the different materials properties must kept
constant. In the case of the strains and displacements, there is an inverse proportional-
ity kept constant, between the values of the metrics and the changes in the elastic
modulus. These properties allow comparative studies without considering the real elas-
tic materials properties.
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INTRODUCTION

In the last 10 years, the potential of finite ele-
ment analysis (FEA) as a simulation technique in
palaeobiological research has had a significant
impact in the scientific community because it has
the potential to provide keys to understanding the
biomechanical behaviour of living and extinct taxa.
FEA is a computational methodology of mechani-
cal simulation based on a numerical analysis on
the principle of dividing a system into a finite num-
ber of discrete elements to which equations are
applied (Bathe, 1996). The FEA model enables
researchers to obtain the stress-distribution and
strain-distribution patterns and the displacements
of various models by simulating the loadings and
forces involved in biomechanical behaviours. 

According to (Anderson et al., 2012), the
results obtained in the FEA models are applied to
solving functional questions about biting and run-
ning, analysing form and function, inducing mor-
phological changes and evaluating their effects on
the model performance or exploring the morpho-
space. Alternatively, according to (Rayfield, 2007),
researchers can investigate questions of optimality,
adaptation and constraint in the skeleton, or a
stress-strain analysis can be used to compare the
effect of modifying, adding or removing structures
in the model to test the importance of evolutionary
change. To date, several studies have focused on
comparing models of various species using com-
putational mechanics: these include the early
works (Dumont et al., 2005; Macho et al., 2005)
and the more current works (Oldfield et al., 2012;
Parr et al., 2012; Rivera and Stayton, 2013). Most
of these studies were performed in the context of
comparative biology, in which various living and
extinct taxa can be compared to understand the
evolution of species (Curtis et al., 2011; Degrange
et al., 2010). In the context of biomechanics, the
principal use of such models in palaeobiology is to
compare the behaviour of various species to infer
the mechanical behaviour and function and relate
them to various ecological adaptations (Fortuny et
al., 2011, 2012). Recently, (Walmsley et al., 2013)
indicated an interest in testing the sensitivity of the
results obtained by FEA with various input parame-
ters and a review of (Bright, 2014) focus on the
material properties most of the variations in the
results obtained in the strains. Other works have
studied the influence of the materials properties of
biological tissue (Cox et al., 2011), sutures (Kup-
czik et al., 2007) or the value of the applied loads
(Tseng et al., 2011). 

Here, we focus on the influence of bone prop-
erties on the results of a FEA model. In palaeobiol-
ogy, most reports have considered bone to have
isotropic behaviour. This assumption is usually
accurate enough (Doblaré et al., 2004), although
several works assume nonlinear properties (Sharir
et al., 2008) or orthotropic behaviour (Porro et al.,
2011). The definition of these behaviours in an FEA
model relies on the usage of constants, such as the
elastic modulus (E), in the constitutive equations of
the material. These constants have a specific
numerical value for each different material.

The most common and simplest way to obtain
the constants is by applying destructive tests to the
specimens (see a review of mechanical tests for
the study if the mechanical behaviour of bones in
(Sharir et al., 2008)). Destructive tests were per-
formed until failure to record the materials
behaviour under various loads and to make it pos-
sible to define the constitutive equation of the
material. Nevertheless, in biological sciences, and
especially in vertebrate structures, preserving the
integrity of the specimens is mandatory when we
have limited specimens to analyse. In this case,
nondestructive tests characterised by no damage
should be used. In line with this, ultrasonic testing
is a nondestructive, successful technique that has
been used in engineering fields to determine the
elastic constants of materials, included the elastic
constants of bone, to determine the constitutive
equations of materials (Rose et al., 2005). In spite
of the development of these technologies for deter-
mining the materials properties of bone, knowledge
is lacking about most of the extant species in the
animal kingdom, and it is obviously impossible to
test the mechanical properties of all of the fossil
record. This fact leads researchers to rely on
hypotheses about materials considerations in the
FEA models. It is common to use the materials
properties of reliable, related data – for example
(Neenan et al., 2014) or (Piras et al., 2013) – and
the use of linear, elastic and isotropic properties
because of the difficulty to obtain more complex
information. In addition, these assumptions must
be qualified by lengthy discussion, justification and
references citing the assumed materials proper-
ties. 

Particularly, this lack of information means
that, for example in (Fortuny et al., 2011), cranial
materials properties of crocodiles were used
because the ossification of their skeleton shows
similarities to all of the different extinct temnospon-
dyls analysed, which are a group of early tetrapods
that lived during the Palaeozoic and Mesozoic peri-
2
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ods. And in (Marcé-Nogué et al., 2013), the same
materials properties of bovine haversian bone were
considered for four jaws of four species of extant
bovids (Mammalia, Ruminantia) that have been
analysed in spite of their differences because it
was the information available in (Reilly and
Burstein, 1975).

At this point, we demonstrate that in most of
the cases, there is no necessity to hypothesise
about materials or create justifications. In certain
cases, the mechanical performance characterised
by the stresses, strains and displacements is not
directly affected by the type of material employed
in the simulations. Finally, we elucidate when and
why materials data are relevant and when the
selection of these data can be ignored. 

MATERIAL AND METHODS

Basic Equations

Continuum mechanics is the branch of
mechanics that deals with the analysis of the
mechanical behaviour of materials considering
that elastic bodies will deform when loads are
applied to them; When it happens, the applied load
is distributed internally in a stress field which dis-
tributes all the forces (Stress = Force/Area) around
the whole body (Mase and Mase, 1999). Elasticity
is the tendency of solid materials to return to their
original shape, after being deformed, when this
load is released. Elastic problems are driven by
known equations of equilibrium (Mase and Mase,
1999) with three relevant quantities that meet the
equations: displacement field, strain field and
stress field.

The desired situation for biological systems is
the elastic behaviour when no permanent deforma-
tion appears after loading. For elastic bodies, in the
absence of temperature variations, the strain
energy – or internal work – represents the energy
stored by the system undergoing deformation
(Equation 1): 

 1

where the total strain energy in a body is U, σ is the

stress field and ε  is the strain field. On the other
side, the total external work is performed by the
external forces that are loading the body (Equation
2):

 2

Where u is the displacement field, b represents the
volume forces and t represents the surface forces.
Therefore, the total energy E of the body is defined
in Equation 3 balancing the internal work (strain
energy U) and the external work W:

 3

According to the principle of minimum energy
(second law of thermodynamics), the equilibrium of
this system of forces is reached when the body is
subjected to the minimum energy. Therefore, equi-
librium exists when there is a field of displacements
u that fulfils the boundary conditions imposed in the
problem and minimises the total energy. 

Nevertheless, the equations can be rewritten
in the so-called “weak form” which is based in the
differential formulation and is the most known
equation to raise the equilibrium of the elastic prob-
lem (Reddy, 2002). The weak form is also known
as the principle of virtual work (Equation 4):

 4

where δu is a field of virtual displacements, and δε
is a field of virtual strains.

Discretisation in Finite Elements

There are few analytical solutions for a limited
number of theoretical and unrealistic elastic prob-
lems that solve the principle of virtual work. These
solutions are mainly in very simple geometries and,
hence, numerical solutions are necessary to solve
the complex geometries that biological systems
usually present. The finite element method is a
good mathematical method to solve the weak form
of the elastic problem (Zienkiewicz, 1971) in any
geometry and is adequate for complex geometries.
The method divides the continuum model into a
discrete model by meshing the body with the so-
called finite elements and enabling a matrix formu-
lation. The displacement field u can be represented
by Equation 5:

 5

where N is a matrix of interpolation functions
(called shape functions), and a is the value of the
displacements in the nodes of the mesh of finite
elements. Equation 5 makes it possible to compute
the displacement at any point in the body given the
values of its coordinates (x, y, z).
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According to the elastic hypothesis, the
strains are the derivatives of the displacements
and can be obtained from Equation 6, where B is
the matrix of the shape function derivatives: 

 6

The materials properties are determinant for the
relationship of stresses and strains, and it is stated
by a set of equations called constitutive equations..
The elastic constitutive equation does not include
creep at a constant stress or relaxation at a con-
stant strain, and for elastic materials, the linear
constitutive model for the infinitesimal strains is the
generalised Hooke’s law (Mase and Mase, 1999).
It is defined by Equation 7 for a continuum and in
the discrete form:

 7

where D is the constitutive matrix of the material of
the elastic constants. Therefore, rewriting the con-
tinuum equation (Equation 4) in a discrete form
using the matrix formulation, a system of equations
results (Equation 8). Details can be found in (Zien-
kiewicz et al., 2013).

 8

where the so-called stiffness matrix K is:

 9

and the vector of forces f is: 

 10

Influence of Elastic Materials Constants in the 
FE Equations

A material is isotropic when the materials
properties are identical in all directions from a
point. A material is orthotropic when there are three
orthogonal planes of materials symmetry. In this
case, the material acts similarly in certain direc-
tions. As mentioned earlier, most works performed
in palaeobiology consider bone to have isotropic
behaviour. An isotropic material is characterised by
two independent elastic constants, the elastic mod-
ulus E and the Poisson coefficient V, and is defined
according Hooke’s law in a matrix form (Equation
11). This matrix form is relating all the stresses and
the strains in Equation 7.

 11

The Poisson coefficient is approximately 0.4 in
most vertebrate bones (Reilly and Burstein, 1975),
but the value of the Poisson coefficient V is not cru-
cial. Nevertheless, the value of E largely deter-
mines the solution of the system (Equation 8). 

Therefore, the study developed in this work
analyses the impact of using the two different mod-
els for bone properties: homogeneous and inhomo-
geneous.
Bones as an isotropic, homogeneous material.
When a body is considered to have homogeneous
properties, the entire body has the same constitu-
tive equation, and (Equation 11) can be defined
with a proper elastic modulus E (see (Fortuny et
al., 2011) for an example of homogeneous bone in
FEA models). The solution of the equilibrium equa-
tion (Equation 8) is:

 12

where the strain can be computed according to
(Equation 13), and the stress can be computed
according (Equation 14):

 13

 14

But, when the material has a different elastic mod-
ulus λ (times E):

 15

the constitutive equation (Equation 11) changes to
this form:
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 16

The stiffness matrix of the system (Equation 9) will
change, and taking into account that λ  is a scalar
value, the new stiffness matrix can be written as a
proportion of the old matrix:

.  17

As a result, the nodal-displacement solution will
change to Equation 18, resulting in a change in the
displacement values obtained:

 18

The new strain field can be expressed as:

 19

However, notice that the stress field will remain
unchanged:

 20

The mathematical demonstration in this part results
in the important conclusion that 1) the value of the
elastic modulus does not influence the results of
the stress field, whereas 2) the change of the value
for the elastic modulus induces an inverse propor-
tion change -1 for the displacements and strains.
Bone as an isotropic, inhomogeneous material.
Inhomogeneous properties mean that the body is
composed of distributed masses with different iso-

tropic properties (See Aquilina et al., 2013 for an
example of an inhomogeneous bone FE model). In
this case, the expressions (Equations 5-11) must
consider that the model is composed of i different
materials. Every elastic modulus Ei can be refer-
enced to a material E for which ni is a scalar value
that is different for each i-material:

 21

For the reference material, the constitutive equa-
tion is the same expression as (Equation 11), and
the constitutive matrix of every material can be
written as:

 22

Hence, the expression of the stiffness matrix
(Equation 9) is calculated by adding the contribu-
tion of each material:

 23

The displacement vector becomes:

 24

The strain field in each materials area is computed
as (Equation 25), and the stresses for every mate-
rials area are computed as (Equation 26):

 25

 26

If we modify the expression of each material λ
times as in the previous demonstration, we achieve
the following constitutive equation for the reference
material:

 27

Consequently, for the rest of materials, we obtain:

 28

The new stiffness matrix will change, and taking
into account that λ  is a scalar, the new stiffness
matrix can be written as a proportion of the old:

 29
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As a result, the nodal-displacement solution will
become Equation 30 for the displacement field and
Equation 31 for the strain field:

 30

 31

However, when computing the stresses and con-
sidering each material found (according to Equa-
tion 28 and the fact that  is an scalar):

 32

Equation 32 demonstrates that the stresses
are not affected by the change in the elastic modu-
lus of the material. This means that the reference
value of the elastic modulus in the simulation of an
inhomogeneous material is not relevant. Neverthe-
less, notice that a strong condition has been used:
all materials have been modified the same λ value.
This necessitates that the relative value between
the materials must be maintained. The value of ni

must be known. Thus, when inhomogeneous mate-
rials are simulated, certain limitations over the val-
ues of the elastic modulus are assumed. The
change in the value of the elastic modulus also
induces an inverse proportion change for the dis-
placements and the strains as in the previous anal-
ysis.
Principal stresses and strains. In the use of met-
rics as maximum/minimum stresses or strains for
comparison between biological systems, for exam-
ple (Brassey et al., 2012), material data will not
arbitrarily affect the metric. Maximum and minimum
values come from the diagonalization of stress/
strain tensors finding eigenvalues and eigenvec-
tors (principal directions). If stress values are iden-
tical according to Equations 20 and 32, therefore
maximum and minimum values (eigenvalues) will
perfectly match, and eigenvectors will be the same.
In the case of strain, according to Equations 19
and 31, values are proportional by a -1 scalar.
Hence, the maximum and minimum values are
scaled and eigenvalues depend on this scalar.
Because values are scaled by a real number,
eigenvectors will coincide and principle directions
will not be affected. Therefore, strain orientations
will maintain and comparison can also be done.
Strain energy. Another interesting metric that has
been used in comparing the performance of differ-
ent vertebrate models is the strain energy: for

example (Dumont et al., 2011). Strain energy was
defined previously in Equation 1 and for a material
with elastic modulus E is:

 33

For a material with a different modulus ( times E):

 34

According to Equations 19 and 20 (for an iso-
tropic and homogeneous material) or 31 and 32
(for an isotropic and inhomogeneous material) it is
possible to rewrite the strain energy to:

 35

Strain energy is affected by -1 and the change of
the value for the elastic modulus induces an
inverse proportion change -1 for the strain energy.

Finite Element Model

We used planar 2D models of extant bovids
(Mammalia, Ruminantia), such as Connochaetes
taurinus and Alcelaphus buselaphus, both of which
are housed at the American Museum of Natural
History (AMNH, New York). The models were used
and described previously in (Marcé-Nogué et al.,
2013), and according to the assumption of the
usual simplifications in 2D analysis, constant thick-
nesses of 20.88 mm and 16.97 mm, respectively,
were assumed. The models were solved using the
ANSYS FEA Package v.14.5 for Windows 7 (64-bit
system) to obtain the von Mises stresses, strains
and displacements of the 2D model. As points of
interest, two points P (the most mesial point of the
first premolar at the alveolus) and Q (the most dis-
tal point of the third molar at the alveolus) were
placed in the jaws to record the numerical values of
the results (Figure 1). The values of the forces
were also defined in (Marcé-Nogué et al., 2013)
according to the scaling method proposed and
were applied both in the masseter and in the tem-
poralis in the directions appropriate for the relative
direction of force during chewing. 

Although there are several results produced
by FEA (different types of stresses, strains, dis-
placements, etc.), the most common magnitude in
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the study of vertebrate structures is the equivalent
von Mises criterion. This is an isotropic criterion
that may be the most accurate for predicting the
fracture location when isotropic materials proper-
ties are used in the cortical bone (Doblaré et al.,
2004). For this reason, in this work, we will display
the results of the equivalent von Mises stress, the
equivalent von Mises strain and the displacements
when studying the influence of the elastic material
properties.

To study this influence, two FE analyses were
performed. The first had a homogeneous, linear,
elastic and isotropic material for the entire jaw, and
the second (shown in Figure 2) divided the bovine
jaw into three different areas with three different lin-
ear, elastic and isotropic materials to generate an
inhomogeneous materials distribution inside the
jaw. 

RESULTS

Case Study A: Homogeneous Material

Plane models of Connochaetes taurinus and
Alcelaphus buselaphus were solved with nine dif-
ferent values of elastic modulus E between 10 GPa
and 50 GPa, which are normal values for bone
(Sharir et al., 2008). Poisson’s ratio is assumed to
be 0.4 for bovine haversian bone (Reilly and
Burstein, 1975). The von Mises stress distribution,
von Mises strain distribution and displacements in
the entire jaw are shown in Figure 2 for three differ-
ent E values. The change in the coloured scale of
the legend is according to the inverse proportional-
ity between strains and displacements (Equations
18 and 19), and the same scale is retained for the
von Mises stress (Equation 20). The results show
that the displacement field, the strain distribution
and the stress distribution are qualitatively identical
and quantitatively proportional.

In the supplementary information (Figure S1),
the von Mises stress and the von Mises strain dis-
tributions and the displacement field for the entire
jaws are also given when the coloured scale in the
legend is the same for the three cases. In this fig-
ure, it is clear that the values are dissimilar.

The von Mises stress, strain and displace-
ments at points P and Q (figure 3) were recorded,
and the variation in these values preceding the
change in E values are shown in Figures 3.1, 3.2
and 3.3 (see Table S1 for numerical results).

In Figures 3.4, 3.5 and 3.6, the value of the
proportion between the von Mises stress for the
current value of the elastic modulus and the von
Mises stress by the reference elastic modulus
(10000) is also recorded (see Table S2 for numeri-
cal results). This value and the same value, except
for strains and displacements, are drawn in the fig-
ure preceding the variation in the elastic modulus.
This shows that the relationship between the refer-
ence value of the elastic modulus (10000 MPa)
and the other values maintain the same proportion
for all cases, which is constant for stresses and the
inverse linear proportion of the elastic modulus for
the strains and displacements.

The numerical results obtained for maximum
and minimum principal stress and strains and for
strain energy are also available in Tables S3 and
S4 of supplementary information. They show the
same proportion with the material established pre-
viously.

 Case Study B: Inhomogeneous Material

Plane models of Connochaetes taurinus and
Alcelaphus buselaphus were divided into three
areas where different bone properties were applied
to define an inhomogeneous material in the entire
jaw (see Figure 1 with the three areas differenti-
ated). The values used in these three parts follow

FIGURE 1. Boundary conditions, forces applied in the studied jaws, location of points P and Q and separated regions
where the Non-homogeneous properties are applied for the Connochaetes taurinus and Alcelaphus buselaphus.
7
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FIGURE 2. von Mises Stress Distribution, von mises strain distribution and Displacement field distribution for Conno-
chaetes taurinus and Alcelaphus buselaphus when elastic modulus is E=10000 MPa, E=25000 MPa and E=50000
MPa for a homogeneous material (case A).
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the proportions E1=1·E, E2=2·E and E3=3·E, where 1=0.5, 2=1 and 3=2. In this case, nine dif-

ferent values of the elastic modulus E between 10 and the same values, except for strains and dis-

3.1 3.2 3.3

3.4 3.5 3.6

FIGURE 3. 3.1 von Mises stresses, 3.2 von Mises strains, 3.3 Displacements, 3.4 von Mises stress relationship with
reference value, 3.5 von Mises strain relationship with reference value and 3.6 Displacement relationship with refer-
ence value in front of variation in the elastic modulus (E) in points P and Q. 
GPa and 50 GPa, and a Poisson’s ratio of 0.4,
were considered.

The von Mises stress distribution, von Mises
strain distribution and displacements in the whole
jaw are shown in Figure 4 for three different E val-
ues. The change in the coloured scale of the leg-
end is according to the inverse proportionality
between the strains and displacements (Equations
30 and 31), and the same scale is kept for the von
Mises stress (Equation 32). The results show that
the displacement field, the strain distribution and
the stress distribution are qualitatively the same
and quantitatively proportional.

In the supplementary information (Figure S2)
the von Mises stress and von Mises strain distribu-
tions and the displacement field for the entire jaws
are also given when the coloured scale is the same
for the three cases. In this figure, it is clear that the
values are different.

The von Mises stress, strain and displace-
ments in points P and Q were recorded, and the
variation of these values preceding the change in
the E values is shown in Figures 5.1, 5.2 and 5.3
(see Table S5 for numerical results). In Figures 5.4,
5.5 and 5.6, the value of the proportion between
the von Mises stress for the current value of the
elastic modulus and the von Mises stress by the
reference elastic modulus (10000) were recorded
(see Table S6 for numerical results). These values

placements, are drawn in the figure showing the
variation in the elastic modulus. This shows that
the relationship between the reference value of the
elastic modulus (10000 MPa) and the other values
maintains the same proportion for all cases, which
is constant for the stresses and the inverse linear
proportion of the elastic modulus for strains and
displacements.

The numerical results obtained for maximum
and minimum principal stress and strains and for
strain energy are also available in Tables S7 and
S8 of supplementary information. They show the
same proportion with the material established pre-
viously.

DISCUSSION

The importance of FEA in the study of biome-
chanical behaviour in a comparative context for
vertebrate structures has been highlighted before,
and in the cases solved here, the role of the varia-
tions of the elastic materials constants has been
tested. 

In case study A, for an isotropic homoge-
neous material, the value of the elastic modulus is
determinant for the values of the displacements
and strains and is not determinant for the values of
the stresses. Notice that the stress values of the
examples (Von Mises stresses and principal
9
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FIGURE 4. von Mises Stress Distribution, von Mises strain distribution and displacement field distribution for Connochae-
tes taurinus and Alcelaphus buselaphus when elastic modulus is E=10000 MPa, E=25000 MPa and E=50000 MPa for a
non-homogeneous material (case B).
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stresses in supplementary information) are identi-
cal for any elastic modulus. Moreover, for a com-
parison between the patterns of the strains and
displacements, the elastic modulus might also be
considered irrelevant. The displacement and strain
values change (Von Mises strains and principal
strains and strain energy in supplementary infor-
mation), but these magnitudes maintain a common
distribution pattern (as Strait et al., 2005 noted
empirically). The proportionality of the values
enables the comparison of computational models.

This is important when comparing the von
Mises stress distribution of two different bovine
jaws (as Connochaetes taurinus and Alcelaphus
buselaphus) in the absence of information on the
material properties of the jaws. A fair approach is
to use relevant information from (Reilly and
Burstein, 1975) about the properties of bovine hav-
ersian bone. Nevertheless, assuming elastic
behaviour, it is not necessary to have a close mate-
rials value because the results of the stress values
and distribution will be identical regardless of the
value chosen. The stress results are not affected
by the value of the elastic modulus.

In the example cited in the introduction (For-
tuny et al., 2011), the cranial materials properties of
crocodiles were used for various extinct temno-
spondyls (a group of early tetrapods that lived
during the Palaeozoic and Mesozoic periods). The
decision to use this materials property in the FEA
model was not crucial for the results because the

values and the distribution of the von Mises
stresses would be the same regardless of the
materials definition. And, although the values of the
displacements obtained in the jaws will be different
as a function of the values of the elastic modulus,
in the different jaws, the displacement values main-
tain proportionality, and the pattern distribution can
also offer interesting insights.

In case study B for an isotropic inhomoge-
neous material, the elastic modulus must be
defined for each of the materials. As in the other
case, a free choice of the elastic modulus values
will induce an incorrect displacement and the exact
value of the strain but not of the stress. The value
of the stress does not depend on the elastic modu-
lus. Moreover, the displacement and strain patterns
are also identical. However, for inhomogeneous
materials, it is extremely important to consider the
relative values of the different elastic moduli of the
materials. Apart from that restriction, fictitious val-
ues of the material properties could be used and
would still result in the correct stress field. This
means that, for example in (Aquilina et al., 2013),
the definition of an inhomogeneous material would
not change the results of the von Mises stress dis-
tribution obtained in the three different configura-
tions if the proportion between the different
materials defined is kept constant when defining
the other values for the elastic modulus.

In both case studies, it was also shown (Fig-
ures 3.4, 3.5, 3.6, 5.4, 5.5, and 5.6) that the rela-

5.1 5.2 5.3

5.4 5.5 5.6

FIGURE 5. 5.1 von Mises stresses, 5.2 von Mises strains, 5.3 Displacements, 5.4 von Mises stress relationship with
reference value, 5.5 von Mises strain relationship with reference value and 5.6 Displacement relationship with refer-
ence value in front of variation in the elastic modulus (E) in points P and Q. 
11
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tionship between the reference value of the elastic
modulus (10000 MPa) and the other values of the
elastic modulus maintain the same proportion for
all of the stress values of the same jaw (points P
and Q). Figures 2 and 4 show that the proportion of
the values, when changing the elastic modulus, is
the same when two different jaws are analysed
(Connochaetes taurinus and Alcelaphus busela-
phus). As expected, in the case of the stress, there
are no changes in the values, and the proportional-
ity remains as 1. In the case of the strain and dis-
placement, there is an inverse proportionality
between the strain and displacement values in
front of the elastic modulus but the same propor-
tionality is always maintained, independent of the
point of study and the jaw.

Therefore, when a comparative biomechani-
cal study is performed between different vertebrate
structures, the elastic properties may not affect the
results. In the case of the stress, there is no
change in the values, and the stress distribution
does not depend on the elastic modulus. The exact
stress values are always identical. In the cases of
the strain and displacement, the changes in the
value in the elastic modulus will induce a change in
the values of the strain and displacement. The
exact values of the strain and displacement
depend on the elastic modulus. However, for the
strain and displacement, the proportionality
between the results will be maintained, and the
pattern distribution will be identical. For example,
the most flexible area (the points of larger displace-
ments) and the stiffest area (the point of shorter
displacements) will always be the same in the com-
parison of different structures.

The dependence of strain and displacements
in front of material properties agree with (Ber-
thaume et al., 2012) who noted empirically that
strain values in a macaque cranium were consider-
ably affected by variations in material property val-
ues and with (Cox et al., 2011) who also noted
empirically that the variation of material properties
caused more differences in strains than in any
other result. 

Stress patterns, strains and displacements will
change dramatically if the material distribution is
not the same. Notice that Figure 2 and Figure 4
have some similarities but because the material
distribution is different, patterns do not match per-
fectly. Moreover, if the model of Figure 1 has had
four or more material regions, pattern results would
have also been different from Figure 4.This affirma-
tion about the behaviour of FE models using elastic

materials demonstrates that comparative biology
works that consider different taxa to understand the
diversity and complexity of life and the critical role
of organisms in ecosystems using FE models can
use an arbitrary value of the elastic modulus in the
simulations. This is because 1) the results for the
stress distributions will not be affected by this deci-
sion, and 2) the strain distribution and the displace-
ment fields maintain the same proportion in the
values of the numerical solution. This means that
the comparison of taxa with larger and shorter dis-
placements will give identical results, regardless
the elastic modulus value.

However, it is necessary to remark that the
influence of the elastic modulus on the strain and
the displacement results should be considered
when 1) different materials properties are assumed
for different taxa (Cox et al., 2012), 2) ex vivo
(Bright and Rayfield, 2011) and in vivo (Ross et al.,
2011) experiments are tested in vertebrate struc-
tures to compare with results from specific FE
models and 3) when the exact values, not the pat-
tern distributions, are compared. These consider-
ations for the strains and the displacements are not
necessary to consider for the stress results.

CONCLUSIONS

In spite of numerous discussions regarding
the influence of the materials properties on the bio-
mechanical behaviour of vertebrate structures, this
study clearly demonstrates that when linear and
elastic properties are assumed in a comparative
analysis, the effect of the material on the results of
an FE model cannot be considered. This is true for
the von Mises stress values in homogeneous
materials and in inhomogeneous materials when
the proportion between the different materials
properties is kept constant. In the case of the strain
and displacement, this work also demonstrates
that although there is an inverse proportionality
between the values of strain and displacement pre-
ceding the changes in the elastic modulus, this
inverse proportionality is kept constant, allowing
comparative studies to obtain results without con-
sidering the elastic materials properties.

These conclusions are not applicable when
the goal is the comparison of exact values of met-
rics using different materials properties for different
taxa, neither for comparisons between computa-
tional models and data obtained from experimental
measurements.
12
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FIGURE S1. Von Mises stress and strain distributions and the displacement field distribution for Connochaetes tau-
rinus and Alcelaphus buselaphus when elastic modulus is E=10000 MPa, E=25000 MPa and E=50000 MPa for a
homogeneous material (case A) when the coloured scale in the legend is the same for the three cases.
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FIGURE S2. Von Mises stress and strain distributions and the displacement field distribution for Connochaetes
Alcelaphus buselaphus when elastic modulus is E=10000 MPa, E=25000 MPa and E=50000 MPa for a non-homogen
(case B) when the coloured scale in the legend is the same for the three cases.
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TABLE S1. 

Numericla results in points P and Q for a homogeneous material: Von Mises Stresses, Von Mises Strains and displace-
ments in front of the variation of the Elastic Modulus (E).

Connochaetes taurinus

E [MPa] VM(P) [MPa] VMQ) [MPa] VM(P) [mm/mm] VM(Q) [mm/mm] a(P) [mm] a(Q) [mm]

10000 3,30E-03 9,23E-04 3,30E-07 9,23E-08 2,38E-04 2,01E-04

15000 3,30E-03 9,23E-04 2,20E-07 6,15E-08 1,58E-04 1,34E-04

20000 3,30E-03 9,23E-04 1,65E-07 4,61E-08 1,19E-04 1,01E-04

25000 3,30E-03 9,23E-04 1,32E-07 3,69E-08 9,50E-05 8,04E-05

30000 3,30E-03 9,23E-04 1,10E-07 3,08E-08 7,92E-05 6,70E-05

35000 3,30E-03 9,23E-04 9,43E-08 2,64E-08 6,79E-05 5,74E-05

40000 3,30E-03 9,23E-04 8,25E-08 2,31E-08 5,94E-05 5,03E-05

45000 3,30E-03 9,23E-04 7,33E-08 2,05E-08 5,28E-05 4,47E-05

50000 3,30E-03 9,23E-04 6,60E-08 1,85E-08 4,75E-05 4,02E-05

Alcelaphus buselaphus

E [MPa] VM(P) [MPa] VM(Q) [MPa] VM(P) [mm/mm] VM(Q) [mm/mm] a(P) [mm] a(Q) [mm]

10000 8,61E-05 2,59E-03 8,61E-09 2,60E-07 1,33E-04 1,62E-04

15000 8,61E-05 2,59E-03 5,74E-09 1,73E-07 8,89E-05 1,08E-04

20000 8,61E-05 2,59E-03 4,30E-09 1,30E-07 6,67E-05 8,11E-05

25000 8,61E-05 2,59E-03 3,44E-09 1,04E-07 5,34E-05 6,49E-05

30000 8,61E-05 2,59E-03 2,87E-09 8,66E-08 4,45E-05 5,41E-05

35000 8,61E-05 2,59E-03 2,46E-09 7,43E-08 3,81E-05 4,64E-05

40000 8,61E-05 2,59E-03 2,15E-09 6,50E-08 3,34E-05 4,06E-05

45000 8,61E-05 2,59E-03 1,91E-09 5,78E-08 2,96E-05 3,61E-05

50000 8,61E-05 2,59E-03 1,72E-09 5,20E-08 2,67E-05 3,24E-05
17
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TABLE S2. 

Numerical results of Von Mises Stresses, Von Mises Strains and displacements for a homogeneous material in points
P and Q for the relationship between the value depending of the variation of the Elastic Modulus (E) and the reference
value (E=10000 MPa).

Connochaetes taurinus

E [MPa] VM(E)/
VM(E=10000) 

in P

VM(E)/
VM(E=10000) 

in Q

VM(E)/ 
VM(E=10000) 

in P

VM(E)/ 
VM(E=10000) 

in Q

a(E)/a(E=10000) 
in P

a(E)/a(E=10000) 
in Q

10000 1 1 1 1 1 1

15000 1 1 0,67 0,67 0,67 0,67

20000 1 1 0,50 0,50 0,50 0,50

25000 1 1 0,40 0,40 0,40 0,40

30000 1 1 0,33 0,33 0,33 0,33

35000 1 1 0,29 0,29 0,29 0,29

40000 1 1 0,25 0,25 0,25 0,25

45000 1 1 0,22 0,22 0,22 0,22

50000 1 1 0,20 0,20 0,20 0,20

Alcelaphus buselaphus

E [MPa] VM(E)/
VM(E=10000) 

in P

VM(E)/
VM(E=10000) 

in Q

VM(E)/ 
VM(E=10000) 

in P

VM(E)/ 
VM(E=10000) 

in Q

a(E)/a(E=10000) 
in P

a(E)/a(E=10000) 
in Q

10000 1 1 1 1 1 1

15000 1 1 0,67 0,67 0,67 0,67

20000 1 1 0,50 0,50 0,50 0,50

25000 1 1 0,40 0,40 0,40 0,40

30000 1 1 0,33 0,33 0,33 0,33

35000 1 1 0,29 0,29 0,29 0,29

40000 1 1 0,25 0,25 0,25 0,25

45000 1 1 0,22 0,22 0,22 0,22

50000 1 1 0,20 0,20 0,20 0,20
18
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TABLE S3. 

Numerical results in points P and Q for a homogeneous material: Maximum and mínimum Principals Stresses and
Strains and Strain energy in front of the variation of the Elastic Modulus (E).

Connochaetes taurinus

E [MPa] I(P) [MPa] I(Q) [MPa]II(P) [MPa] II(Q) 
[MPa]

I(P) [mm/
mm]

I(Q) [mm/
mm]

II(P) [mm/
mm]

II(Q) [mm/
mm]

Strain 
Energy

[mJ]

10000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 3,30E-07 1,33E-07 -1,32E-07 -5,33E-08 1,31E-04

15000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 2,20E-07 8,89E-08 -8,81E-08 -3,56E-08 8,71E-05

20000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 1,65E-07 6,67E-08 -6,60E-08 -2,67E-08 6,53E-05

25000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 1,32E-07 5,33E-08 -5,28E-08 -2,13E-08 5,23E-05

30000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 1,10E-07 4,44E-08 -4,40E-08 -1,78E-08 4,36E-05

35000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 9,43E-08 3,81E-08 -3,77E-08 -1,52E-08 3,73E-05

40000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 8,25E-08 3,33E-08 -3,30E-08 -1,33E-08 3,27E-05

45000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 7,33E-08 2,96E-08 -2,94E-08 -1,19E-08 2,90E-05

50000 3,30E-03 1,33E-03 1,46E-06 -2,29E-07 6,60E-08 2,67E-08 -2,64E-08 -1,07E-08 2,61E-05

Alcelaphus buselaphus

E [MPa] I(P) [MPa] I(Q) [MPa]II(P) [MPa] II(Q) 
[MPa]

I(P) [mm/
mm]

I(Q) [mm/
mm]

II(P) [mm/
mm]

II(Q) [mm/
mm]

Strain 
Energy

[mJ]

10000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 8,61E-09 2,60E-07 -3,45E-09 -1,09E-07 1,40E-15

15000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 5,74E-09 1,73E-07 -2,30E-09 -7,23E-08 9,33E-16

20000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 4,30E-09 1,30E-07 -1,73E-09 -5,43E-08 7,00E-16

25000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 3,44E-09 1,04E-07 -1,38E-09 -4,34E-08 5,60E-16

30000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 2,87E-09 8,67E-08 -1,15E-09 -3,62E-08 4,66E-16

35000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 2,46E-09 7,43E-08 -9,86E-10 -3,10E-08 4,00E-16

40000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 2,15E-09 6,50E-08 -8,63E-10 -2,71E-08 3,50E-16

45000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 1,91E-09 5,78E-08 -7,67E-10 -2,41E-08 3,11E-16

50000 8,61E-05 2,63E-03 1,31E-07 7,99E-05 1,72E-09 5,20E-08 -6,90E-10 -2,17E-08 2,80E-16
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TABLE S4. 

Numerical results in points P and Q for a homogeneous material: Maximum and mínimum Principals Stresses and
Strains and Strain energy for the relationship between the value depending of the variation of the Elastic Modulus (E)
and the reference value (E=10000 MPa).

Connochaetes taurinus

E [MPa] I(E) /
I(E=10000) 

in P

I(E) /
I(E=10000) 

in Q

II(E) /
II(E=10000) 

in P

II(E) /
II(E=10000) 

in Q

I(E)/ 
I(E=10000) 

in P

I(E)/ 
I(E=10000) 

in Q

II(E)/ 
II(E=10000) 

in P

II(E)/ 
II(E=10000) 

in Q

U(E)/
U(E=10000)

10000 1 1 1 1 1 1 1 1 1

15000 1 1 1 1 0,67 0,67 0,67 0,67 0,67

20000 1 1 1 1 0,50 0,50 0,50 0,50 0,50

25000 1 1 1 1 0,40 0,40 0,40 0,40 0,40

30000 1 1 1 1 0,33 0,33 0,33 0,33 0,33

35000 1 1 1 1 0,29 0,29 0,29 0,29 0,29

40000 1 1 1 1 0,25 0,25 0,25 0,25 0,25

45000 1 1 1 1 0,22 0,22 0,22 0,22 0,22

50000 1 1 1 1 0,20 0,20 0,20 0,20 0,20

Alcelaphus buselaphus

E [MPa] I(E) /
I(E=10000) 

in P

I(E) /
I(E=10000) 

in Q

II(E) /
II(E=10000) 

in P

II(E) /
II(E=10000) 

in Q

I(E)/ 
I(E=10000) 

in P

I(E)/ 
I(E=10000) 

in Q

II(E)/ 
II(E=10000) 

in P

II(E)/ 
II(E=10000) 

in Q

U(E)/
U(E=10000)

10000 1 1 1 1 1 1 1 1 1

15000 1 1 1 1 0,67 0,67 0,67 0,67 0,67

20000 1 1 1 1 0,50 0,50 0,50 0,50 0,50

25000 1 1 1 1 0,40 0,40 0,40 0,40 0,40

30000 1 1 1 1 0,33 0,33 0,33 0,33 0,33

35000 1 1 1 1 0,29 0,29 0,29 0,29 0,29

40000 1 1 1 1 0,25 0,25 0,25 0,25 0,25

45000 1 1 1 1 0,22 0,22 0,22 0,22 0,22

50000 1 1 1 1 0,20 0,20 0,20 0,20 0,20
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TABLE S5. 

Numericla results in points P and Q for a non-homogeneous material: Von Mises Stresses, Von Mises Strains and dis-
placements in front of the variation of the Elastic Modulus (E).

Connochaetes taurinus

E [MPa] VM(P) [MPa] VM(Q) [MPa] VM(P) [mm/mm]VM(Q) [mm/mm] a(P)
[mm]

a(Q)
[mm]

10000 3,76E-03 1,10E-03 3,76E-07 5,52E-08 3,07E-04 1,90E-04

15000 3,76E-03 1,10E-03 2,51E-07 3,68E-08 2,05E-04 1,27E-04

20000 3,76E-03 1,10E-03 1,88E-07 2,76E-08 1,53E-04 9,50E-05

25000 3,76E-03 1,10E-03 1,51E-07 2,21E-08 1,23E-04 7,60E-05

30000 3,76E-03 1,10E-03 1,25E-07 1,84E-08 1,02E-04 6,33E-05

35000 3,76E-03 1,10E-03 1,08E-07 1,58E-08 8,77E-05 5,43E-05

40000 3,76E-03 1,10E-03 9,41E-08 1,38E-08 7,67E-05 4,75E-05

45000 3,76E-03 1,10E-03 8,37E-08 1,23E-08 6,82E-05 4,22E-05

50000 3,76E-03 1,10E-03 7,53E-08 1,10E-08 6,14E-05 3,80E-05

Alcelaphus buselaphus

E [MPa] VM(P) [MPa] VM(Q) [MPa] VM(P) [mm/mm]VM(Q) [mm/mm] a(P)
[mm]

a(Q)
[mm]

10000 7,13E-04 2,48E-03 1,56E-04 1,27E-04 7,13E-08 1,24E-07

15000 7,13E-04 2,48E-03 1,04E-04 8,48E-05 4,75E-08 8,28E-08

20000 7,13E-04 2,48E-03 7,80E-05 6,36E-05 3,57E-08 6,21E-08

25000 7,13E-04 2,48E-03 6,24E-05 5,09E-05 2,85E-08 4,97E-08

30000 7,13E-04 2,48E-03 5,20E-05 4,24E-05 2,38E-08 4,14E-08

35000 7,13E-04 2,48E-03 4,46E-05 3,64E-05 2,04E-08 3,55E-08

40000 7,13E-04 2,48E-03 3,90E-05 3,18E-05 1,78E-08 3,10E-08

45000 7,13E-04 2,48E-03 3,47E-05 2,83E-05 1,58E-08 2,76E-08

50000 7,13E-04 2,48E-03 3,12E-05 2,54E-05 1,43E-08 2,48E-08
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TABLE S6. 

Numerical results of Von Mises Stresses, Von Mises Strains and displacements for a non-homogeneous material in
points P and Q for the relationship between the value depending of the variation of the Elastic Modulus (E) and the ref-
erence value (E=10000 MPa).

Connochaetes taurinus

E [MPa] VM(E)/
VM(E=10000) in 

P

VM(E)/
VM(E=10000) in 

Q

VM(E)/ 
VM(E=10000) in 

P

VM(E)/ 
VM(E=10000) in 

Q

a(E)/a(E=10000) 
in P

a(E)/a(E=10000) 
in Q

10000 1 1 1 1 1 1

15000 1 1 0,67 0,67 0,67 0,67

20000 1 1 0,50 0,50 0,50 0,50

25000 1 1 0,40 0,40 0,40 0,40

30000 1 1 0,33 0,33 0,33 0,33

35000 1 1 0,29 0,29 0,29 0,29

40000 1 1 0,25 0,25 0,25 0,25

45000 1 1 0,22 0,22 0,22 0,22

50000 1 1 0,20 0,20 0,20 0,20

Alcelaphus buselaphus

E [MPa] VM(E)/
VM(E=10000) in 

P

VM(E)/
VM(E=10000) in 

Q

VM(E)/ 
VM(E=10000) in 

P

VM(E)/ 
VM(E=10000) in 

Q

a(E)/a(E=10000) 
in P

a(E)/a(E=10000) 
in Q

10000 1 1 1 1 1 1

15000 1 1 0,67 0,67 0,67 0,67

20000 1 1 0,50 0,50 0,50 0,50

25000 1 1 0,40 0,40 0,40 0,40

30000 1 1 0,33 0,33 0,33 0,33

35000 1 1 0,29 0,29 0,29 0,29

40000 1 1 0,25 0,25 0,25 0,25

45000 1 1 0,22 0,22 0,22 0,22

50000 1 1 0,20 0,20 0,20 0,20
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TABLE S7. 

Numerical results in points P and Q for a non-homogeneous material: Maximum and mínimum Principals Stresses and
Strains and Strain energy in front of the variation of the Elastic Modulus (E).

Connochaetes taurinus

E [MPa] I(P) [MPa] I(Q) [MPa]II(P) [MPa] II(Q) 
[MPa]

I(P) [mm/
mm]

I(Q) [mm/
mm]

II(P) [mm/
mm]

II(Q) [mm/
mm]

Strain 
Energy

[mJ]

10000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 3,76E-07 7,60E-08 -1,51E-07 -3,04E-08 7,30E-06

15000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 2,51E-07 5,06E-08 -1,00E-07 -2,03E-08 4,87E-06

20000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 1,88E-07 3,80E-08 -7,53E-08 -1,52E-08 3,65E-06

25000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 1,51E-07 3,04E-08 -6,03E-08 -1,22E-08 2,92E-06

30000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 1,25E-07 2,53E-08 -5,02E-08 -1,01E-08 2,43E-06

35000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 1,08E-07 2,17E-08 -4,30E-08 -8,68E-09 2,09E-06

40000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 9,41E-08 1,90E-08 -3,77E-08 -7,60E-09 1,82E-06

45000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 8,37E-08 1,69E-08 -3,35E-08 -6,75E-09 1,62E-06

50000 3,77E-03 1,52E-03 1,61E-06 -1,95E-07 7,53E-08 1,52E-08 -3,01E-08 -6,08E-09 1,46E-06

Alcelaphus buselaphus

E [MPa] I(P) [MPa] I(Q) [MPa]II(P) [MPa] II(Q) 
[MPa]

I(P) [mm/
mm]

I(Q) [mm/
mm]

II(P) [mm/
mm]

II(Q) [mm/
mm]

Strain 
Energy

[mJ]

10000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 7,13E-08 1,24E-07 -2,85E-08 -4,97E-08 4,08E-06

15000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 4,75E-08 8,28E-08 -1,90E-08 -3,31E-08 2,72E-06

20000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 3,57E-08 6,21E-08 -1,43E-08 -2,48E-08 2,04E-06

25000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 2,85E-08 4,97E-08 -1,14E-08 -1,99E-08 1,63E-06

30000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 2,38E-08 4,14E-08 -9,51E-09 -1,66E-08 1,36E-06

35000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 2,04E-08 3,55E-08 -8,15E-09 -1,42E-08 1,17E-06

40000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 1,78E-08 3,10E-08 -7,13E-09 -1,24E-08 1,02E-06

45000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 1,58E-08 2,76E-08 -6,34E-09 -1,10E-08 9,08E-07

50000 7,13E-04 2,48E-03 7,18E-08 7,36E-07 1,43E-08 2,48E-08 -5,71E-09 -9,94E-09 8,17E-07
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TABLE S8. 

Numerical results in points P and Q for a non-homogeneous material: Maximum and mínimum Principals Stresses and
Strains and Strain energy for the relationship between the value depending of the variation of the Elastic Modulus (E)
and the reference value (E=10000 MPa).

Connochaetes taurinus

E [MPa] I(E) /
I(E=10000) 

in P

I(E) /
I(E=10000) 

in Q

II(E) /
II(E=10000) 

in P

II(E) /
II(E=10000) 

in Q

I(E)/ 
I(E=10000) 

in P

I(E)/ 
I(E=10000) 

in Q

II(E)/ 
II(E=10000) 

in P

II(E)/ 
II(E=10000) 

in Q

U(E)/
U(E=10000

)

10000 1 1 1 1 1 1 1 1 1

15000 1 1 1 1 0,67 0,67 0,67 0,67 1

20000 1 1 1 1 0,50 0,50 0,50 0,50 1

25000 1 1 1 1 0,40 0,40 0,40 0,40 1

30000 1 1 1 1 0,33 0,33 0,33 0,33 1

35000 1 1 1 1 0,29 0,29 0,29 0,29 1

40000 1 1 1 1 0,25 0,25 0,25 0,25 1

45000 1 1 1 1 0,22 0,22 0,22 0,22 1

50000 1 1 1 1 0,20 0,20 0,20 0,20 1

Alcelaphus buselaphus

E [MPa] I(E) /
I(E=10000) 

in P

I(E) /
I(E=10000) 

in Q

II(E) /
II(E=10000) 

in P

II(E) /
II(E=10000) 

in Q

I(E)/ 
I(E=10000) 

in P

I(E)/ 
I(E=10000) 

in Q

II(E)/ 
II(E=10000) 

in P

II(E)/ 
II(E=10000) 

in Q

U(E)/
U(E=10000

)

10000 1 1 1 1 1 1 1 1 1

15000 1 1 1 1 0,67 0,67 0,67 0,67 1

20000 1 1 1 1 0,50 0,50 0,50 0,50 1

25000 1 1 1 1 0,40 0,40 0,40 0,40 1

30000 1 1 1 1 0,33 0,33 0,33 0,33 1

35000 1 1 1 1 0,29 0,29 0,29 0,29 1

40000 1 1 1 1 0,25 0,25 0,25 0,25 1

45000 1 1 1 1 0,22 0,22 0,22 0,22 1

50000 1 1 1 1 0,20 0,20 0,20 0,20 1
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